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I. INTRODUCTION
The Skyrme model, proposed originally by Skyrme [1] , is one of the best-known proposals in the study of nonperturbative QCD at low energies. In this model, the physical degrees of freedom corresponding to the pions are encoded in a SU (2) matrix U while baryons emerge as topological solitons called Skyrmions. The original Skyrme model consists of a quadratic and quartic term in derivatives (and optionally a potential term) and it was applied successfully to the study of nuclear matter [2] . However, the most general action for the SU (2) pionic fields which is Poincaré invariant and possesses the standard Hamiltonian formulation (i.e., is quadratic in time derivatives) has an additional part. Namely, a sextic term, which is proportional to the square of the baryon (topological) current
where
and L 0 is a nonderivative part i.e., potential. Moreover, the baryon current is
and the left invariant current L µ is given by
It should be stressed that the sextic term is unavoidable if one would like to apply the Skyrmelike models to dense nuclear matter and neutron stars [3] , as it provides the leading behavior for the corresponding equation of state at higher densities [4] . In fact, it has been argued that in the correct Skyrme effective model, at least as the higher nuclei and higher densities are considered, the sextic and the potential should provide a dominant part of the effective action [5] . This follows from an observation that the original Skyrme proposal leads to too high binding energies and a crystal state of matter. Both effects are in an obvious conflict with the well-known qualitative properties of nuclear matter. On the other hand, the sextic term together with the potential forms a submodel, usually referred to as the BPS Skyrme model, which cures these two issues: it gives zero classical binding energies [6] and describes a perfect fluid [7] , [4] . Zero binding energies are obviously related to the BPS nature of the BPS Skyrme model, which in consequence lead to other proposals for BPS type generalizations of the Skyrme model: (1) the Sutcliffe model where the BPS limit is obtained by inclusion of infinitely many vector mesons [9] and (2) the FerreiraZakrzewski model [10] . Also the formulation of the Skyrme model in curved spaces can also lead to the existence of solutions saturating a BPS bound [11] . We remark that there is also a way to arbitrarily reduce the binding energies by adding a kind of "repulsing" potential into the original Skyrme model [12] . However, in this proposal, one never gets a proper BPS theory. All this shows that a better understanding of the BPS sectors of the Skyrme type theories is very well motivated by their relevance to nuclear physics.
A little-explored facet of these models is their supersymmetric (SUSY) extension, especially in 3 + 1 dimensions ( [27] , or [13] for more general higher derivative models). Supersymmetry provides a natural form of including fermions in these kinds of theories, in addition it can help in the understanding of the BPS structure [13] . The well-known result of Witten and Olive [19] establishes a deep connection between theories with extended supersymmetry, central charges and BPS bounds. Some progress has been made in lower dimensions [21] - [23] , but several questions still remain open in 3 + 1 dimensions: the supersymmetric extension of the Skyrme model, or the BPS Skyrme model, and the connection between Bogomolny bounds and central charges of the superalgebra, etc. In this work we will try to answer some of these questions.
Some years ago Sakai and Sugimoto [32] , using a D-brane construction and holographic methods, This work is organized as follows: In Sec. II we propose a general scheme to build SUSY extensions of general bosonic models in 3 + 1 dimensions. In Sec. III we apply this scheme to construct several SUSY extensions of the Skyrme model. In Sec. III.B, the proposal of [9] is embedded in a supersymmetric model in 5 dimensions and the low energy bound is obtained from one of the central charges of the superalgebra. Sections IV and V are devoted to studying the SUSY extensions of two Skyrme-like models, the Ferreira-Zakrzewski (FZ) model and BPS Skyrme model. In Sec. VI Skyrme-like models are obtained from a BI-type action and the relation between the Skyrme model and BPS Skyrme model is explained in the context of SUSY BI actions in 5 dimensions. In Sec. VII we present the summary.
II. GENERAL SUPERSYMMETRIC EXTENSIONS
We will show in this section that the supersymmetric extension of a given bosonic model is not unique, in the sense that, given a bosonic action it is possible to add the fermionic part in several ways. In order to supersymmetrize the models let us write the following superfield action
Φ i and Φ are chiral superfields and Λ is a general function of these superfields and its space-time derivatives. These kinds of supersymmetric terms were used in [24] in the context of supersymmetric Galileons and in [25] applied to ghost condensates.
As was pointed out in [14] , it is possible to construct a N = 1 SUSY extension of any single field model. We will see that this statement can be extended to a set of chiral superfields. The quartic term in superderivatives in (5) saturates the integration over the Grassmann coordinates, this means that the bosonic sector of the model (5) has the following form
i.e., the bosonic sector of the model is determined by the lowest θ component of Λ and the highest θ component of the quartic term in superderivatives. Its components can be written as follows,
where | means that we are taking all fermions to zero. The function Λ depends on the set of superfields Φ i and Φ, and will be chosen in such a way that the bosonic part of the Lagrangian generates the corresponding model. We can add a Kähler potential depending on the superfield Φ,
where the Kähler metric g(z,z) is given by
We could consider also prepotential terms, but they are useless to our purposes. We are going to consider two families of models, those consisting only of the Lagrangian L S 4 and those consisting of
Our goal is to prove that it is possible to construct N = 1 supersymmetric extensions for any bosonic theory consisting of n fields and in particular, that we can obtain BPS equations for the supersymmetric variations of the fermions. Let us consider a general bosonic Lagrangian consisting of a set on n complex fields {z 1 , ..., z n ,z 1 , ...,z n }, let us call it L(z 1 , ..., z n ,z 1 , ...,z n ), and consider the following supersymmetric Lagrangian
(which corresponds to the superfield Lagrangian (5)). By using the equations of motion (EOMs)
for the auxiliary field F we obtain two solutions
If we take the first solution F = 0, the resulting Lagrangian is
Now for
we obtain trivially that the bosonic sector of L 4 with this choice of Λ constitutes automatically a supersymmetric extension for the theory L(z 1 , ..., z n ) in the branch F = 0, i.e.
where the supersymmetric Lagrangian L(Φ 1 , ..., Φ n ,Φ 1 , ...,Φ n ) is the Lagrangian of the bosonic theory where all fields are promoted to chiral/antichiral superfields, keeping space-time derivatives intact. The supersymmetric extension of the theory which corresponds to the other branch (14) has the following form:
Note that the superfield Φ is completely absent in the bosonic sector of the theory after the substitution of one solution of the auxiliary field. From here we can try to obtain some information about the BPS equation directly from supersymmetry transformations. The static supersymmetric variations for the fermions are given by
BPS equations preserving a part of supersymmetry are generated by the condition δψ = 0.
Then we need to look for some combinations of fermionic transformations giving such a vanishing condition. This is equivalent to the condition detM = 0 which gives the following equation for the auxiliary fieldF
Equation (21) can be seen as an equation for the auxiliary field. After substituting the two solutions for the auxiliary field we arrive at two first order equations depending only on the field z,
Despite the fact that we succeed with the general supersymmetric extension, the variation of fermions only generates trivial BPS equation for the field z, which in our construction plays the role of an auxiliary field, since it is absent in the bosonic action. In the following section we consider more possibilities to get information about the BPS equations from supersymmetry.
By adding (9)+(10) and solving the EOMs for the auxiliary field we get
If we consider the branch (24) we will arrive again at (17) plus the term corresponding to the Kähler potential. Let us take then the solution (25) 
Now, as we did before, we consider a general bosonic Lagrangian L(z 1 , ..., z n ,z 1 , ...,z n ), and choose the function Λ such that
or equivalently
where q = |∂ µ z∂ µ z| 2 − (∂ µ z∂ µz ) 2 . Finally if we promote all complex fields to superfields we obtain the supersymmetric Lagrangian
This Lagrangian verifies, as we stated before the following property:
i.e., L S is the on-shell N = 1 supersymmetric extension of any theory consisting of n complex fields, once we use the solution (25) for the auxiliary field. Now we can analyze what we obtain from the supersymmetric variations of the fermions. By substituting the static part of (25) in (21) we arrive at
which is a first order equation provided that L(z 1 , ..., z 1 ,z 1 , ...,z n )| static is of first order. We will see later applications of this result. We have shown therefore that there exist at least two nonequivalent SUSY extensions for any bosonic theory consisting of n complex fields.
In some cases, the analysis of the BPS structure of the model can be done in a simpler way.
Let us take the following family
We impose the following conditions on the Kähler potential
These models are a restriction over the ones studied in [14, 15] . For other models with similar structure see [16, 17] . The function Λ is a general function depending only on the n superfields Φ 1 , ..., Φ n . Note that we drop the dependence of the extra superfield Φ, and the Kähler potential depends on the fields Φ i . After integration over the Grassmann space we get
After solving the equations of motion for F iF i we obtain again two possibilities
From the canonical branch (35) we obtain the following bosonic sector
and from the supersymmetric variations of fermions we get the following set of trivial first order equations
From the second solution (36) we obtain
Now, in a lump configuration we assume that ∂ 3 z j = 0. The energy density can be written as
where l, m = 1, 2, and therefore
The bound is saturated when
which corresponds to the Bogomolny equations of the model. The first interesting observation is that the bound depends only on the Kähler metric, and it is therefore completely independent of the function Λ i (z j ). The second is that, from the supersymmetric variation of fermions we obtain the set of Bogomolny equations. It is easy to see this after substituting (36) in (21) In general we can extend all these results to lower dimensions. If we use dimensional reduction from 3 + 1 dimensions to 2 + 1 dimensions, the supersymmetry of models with N = 1 is enlarged to N = 2 in the reduced dimension. Therefore we can conclude that all models consisting of complex superfields have at least one N = 2 completion.
For gauged models the strategy is the same but including vector superfield dependence in the function Λ. For example, for
the Lagrangian
generates the U (1) Yang-Mills theory for the branch F = 0, i.e.
We can sum up all the results above in the following corollaries Corollary 1: All models in 3 + 1 dimensions consisting of n complex fields have at least one on-shell supersymmetric completion to N = 1.
Corollary 2: All models in 2 + 1 dimensions consisting of n complex fields have at least one on-shell supersymmetric completion to N = 2.
III. SUSY SKYRME MODEL FROM INSTANTONS
The action of the Skyrme model can be written as follows:
the parameter f π is identified with the pion decay constant, e is a dimensionless parameter and U is an SU (2) valued field. We can construct a SUSY extension of this model based on the strategy we presented before. Another possibility to obtain an "approximate" SUSY extension of the Skyrme model consists of supersymmetrizing a 5D Yang-Mills theory, and as was shown by [32] and [9] , the Skyrme model arises as a truncation of this theory. We will see, therefore, that it is possible to supersymmetrize in a natural way a model which contains the Skyrme model an a infinite number of vector fields that we neglect in the last step, despite the fact that after such truncation we break the supersymmetry (in this sense we use"approximate" SUSY extension). We will see that in this case, the Skyrme field is defined as the holonomy of the Yang-Mills field along z-lines (where z is the extra dimension) , [8] , [9] .
A. SUSY Skyrme model: Case 1
First of all we need to write the action in terms of chiral superfields. Let us define the following matrix of superfields
plus the constraint Φ iΦi = 1. With this definition we observe that when we take θ = 0, U is exactly a SU (2) field. Let us define the following functions in terms of superfields:
The following Lagrangians constitute a N = 1 extension of the Skyrme model for the L S 4 family:
in the branch F = 0 and
in the branch FF = −∂ µ z∂ µz . And for the family L S 2 + L S 4 we have
in the branch FF = −∂ µ z∂ µz . It is interesting to note that the form of these SUSY actions (especially L 3 Skyrme ) is closed to the nonlinear action for the chiral Goldstone multiplet [36] - [39] . The Lagrangians L a Skyrme , a = 1, 2, 3, 4 are nonequivalent genuine N = 1 supersymmetric extensions of the Skyrme model. In such supersymmetric extension the chiral superfield Φ plays the role of an auxiliary field, since it is completely absent in the bosonic sector for the corresponding branch, but reappears in the fermionic sector. The fact that we have an extra field in the full theory can be avoided by changing the dependence of the functions P, Q and Σ 4 with one of the fields Φ i of the model. But the full theory (with fermions) will contain terms with higher order derivatives in time and thus losing the Hamiltonian interpretation. In order to avoid this problem, in the following section we look for another theory containing the Skyrme model in some limit but whose SUSY completion is well behaved. Let us start with the five-dimensional maximally supersymmetry SU (2) Yang-Mills theory. The action is given by
where µ = 0, 1, 2, 3, z and I = 1, 2, 3, 4, 5. It can be shown that the commutator of two supercharges can be written in the following way [31] :
The dots represent X I -dependent terms that we can neglect (since the Skyrme model will be generated by the pure Yang-Mills part). The term Z 5 corresponds to one of the central charges (the only which survives after setting X I = 0). It has the following form
We will see now the relation of this supersymmetric model in 5 dimensions with the Skyrme model. There are two approaches to see how the Skyrme model arises from (56), [32] , [9] . For simplicity we will follow the second one. The gauge fields A I are su(2)-valued, while the bosonic fields are in the fundamental representation (we set these fields to zero). It can be shown that, in a gauge where A z = 0, the rest of gauge fields can be written as follows [9] 
where ψ n (z) are a basis of Hermite functions defined by
and
U is a SU (2) field defined by the holonomy of A z along the z direction
and the quantities W n i constitute an infinite tower of vector fields. By substituting these expressions we obtain the following field strength
In we substitute expressions (63) and (64) in (56) we get the full supersymmetric model. In order to see the emergence of the Skyrme model from this supersymmetric model we switch off X I fields, vector fields W n i (x) and fermions in (56),
The energy we obtain from this model corresponds to the energy of the Skyrme model
where c 1 , c 2 are certain positive constants and R i = ∂ i U U −1 . The instanton number of this Euclidean Yang-Mills theory corresponds to the energy bound of the Skyrme model which is identified with the baryon number. The SUSY extension of the model contains exactly this quantity as the Z 5 central charge of the superalgebra (58),
If we neglect the vector fields W n i (z) = 0 and integrate over the z-direction we obtain finally
which corresponds to the baryon number of the Skyrme model.
IV. SUSY QUARTIC SKYRME-LIKE MODEL AND BOGOMOLNY BOUNDS: FZ MODEL AND SUSY YM
Let us take now the following Skyrme-like model proposed by Ferreira and Zakrzewski [26] :
where:
The original fields of this model live on the sphere S 3 (z a z a = 1). The Bogomolny equation for static solutions is given by:
The static energy has a lower bound:
with
A. SUSY formulation of the model: Case 1
For simplicity we will work now with the family L S 4 , defined in Sec. II.A (but it is also possible to build a supersymmetric extension of the model based on the family L S 2 + L S 4 ) as we did for the case of Skyrme model. First of all we need to define again the superfield analogues of connection and curvature,
for chiral superfields Φ a , obeying the constraint Φ aΦa = 1. Following the strategy we presented before, the action below constitutes an N = 1 extension of the FZ model in the canonical branch (F = 0),
but again, it is interesting to look for another supersymmetric extension free of pathologies in the fermionic sector. In the next section we construct a natural extension and we determine the topological charge from supersymmetry.
B. SUSY formulation of the model: Case 2
The N = 1 SUSY version of this model is almost straightforward; the quartic term comes from
or in components
while the quadratic has the following form in terms of the vector superfield:
Now by setting D = 0 we obtain finally
and therefore we have an explicit N = 1 SUSY extension. Now we can try to obtain an explicit N = 2 SUSY extension. The first obstruction is the number of physical fields. In order to obtain an N = 2 extension we can first begin with a dimensional reduction from 6 dimensions; our action in this case will be
Now assuming that ∂ 4 A α = ∂ 5 A α = 0, and taking A 4 := Re(φ) and
where now µ, ν = 0, 1, .., 3. Therefore, we need at least an N = 1 vector superfield and a complex chiral superfield. The dimensional reduction suggests that the term corresponding to the complex field must be quadratic, leading us to the standard N = 2 SYM. Since the two supersymmetry generators of the N = 2 algebra appear on the same footing, the same must be the case with the fermions ψ α and λ α belonging to the chiral superfield and vector superfield respectively. This implies (as we see in the dimensional reduction) that the extra field Φ must be rescaled as Φ → Φ/e.
The full Lagrangian with the extended SUSY can be written as
It is also possible to add a Fayet-Iliopoulos term
Our auxiliary fields are now D (from the vector superfield) and F (corresponding to the extra field Φ). From the EOMs we obtain
Rewriting the on-shell Lagrangian:
Now since the field φ comes from the dimensional reduction and it is not relevant for our purposes, we can eliminate it by taking the vacuum constant solution,
(Note that if the Fayet-Iliopoulos term is absent, φ has a vanishing vacuum value.) In order to evaluate the central charge we can determine the anticommutator between supercharges from the full supersymmetric Lagrangian (see [30] ),
but for static configurations F 0i = 0, whileF 0i = 1 2 ijk F jk . If we take the constant vacuum solutions for φ we obtain finally the central charge of the algebra
which is nothing but the topological charge given in expression (74).
V. SUSY BPS SKYRME MODEL IN 3+1 DIMENSIONS
The Lagrangian density for the BPS Skyrme model in 4 dimensions can be written as follows:
where the dynamical variable U takes values on SU (2). The topological current can be expressed as
where L µ = U † ∂ µ U ∈ su(2). The usual parametrization for U [18] , consists of a real scalar field ξ and 3-component unit vectorn:
The condition det U = 1 is automatically satisfied since tr(n · τ ) = 0 (τ are the Pauli matrices).
After the stereographic projection
the Lagrangian density for the model can be written in terms of a complex field u and a real scalar field ξ,
In terms of these variables the Bogomolny equation can be written as follows
where a i ≡ ∂ i a. Despite the fact that this parametrization is useful in a lot of situations, it does not provide the most natural field content in a supersymmetric extension of the model. We can start with two complex fields (z 1 , z 2 ) and one constraint (z 1 , z 2 ) ∈ S 3 . The field U can be written
In terms of the complex variables z 1 , z 2 the topological current can be written as
In the SUSY version of the model the complex fields will be promoted to a pair of chiral/antichiral fields, which are the correct field content of the hypermultiplet in 4 dimensions.
Moreover if we define the connection
and the curvature
then the topological current can be expressed in a simpler way,
and therefore the Lagrangian density can be written as
From (103) we can obtain again the BPS bound
and the BPS equation
In our first supersymmetric version of the BPS Skyrme model, we follow the procedure presented in the previous sections. First of all we define the following quantities
Now taking into account the supersymmetric invariant constraint Φ aΦa = 1 and the nontrivial solution for F (25), the following Lagrangian constitutes a supersymmetric extension of the BPS
Note that it is possible to construct three extra nonequivalent SUSY extensions, but as we saw in some examples, from the family L S 2 + L S 4 we can obtain BPS equations from the supersymmetric variations of the fermions. Applying to the present case the Eq. (31) in the static regime we arrive
for q = Q|. Now for g(z,z) = 0 and q 2 = 0 this equation corresponds to the square of (105) and therefore BPS equation of the model is deduced from the supersymmetric variation of the fermions.
The construction above is explicitly N = 1 supersymmetric, but since the model has a topological current B µ we can ensure that in fact has N = 2 supersymmetry [20] . This can be seen in the following way. First of all, once we have the N = 1 supersymmetric form of the theory written in terms of the variables (z i ,z i ) plus the constraint, we can solve the constraint and write the model in the variables (ξ, u,ū) (97). In this situation we can write the topological current as follows:
The specification of the potential B ρσ is not unique since the topological current is invariant under the transformation
for any λ ν . Now following [20] , we can place the topological current in a real linear superfield L, which can be written in terms of chiral spinor superfields Φ α ,Φα,
such that the conservation of the topological current can be obtained from the condition D 2 L = 0 without using the equations of motion. Now due to the gauge invariance (113), we can choose a gauge where ∂ µ B µν = 0. Taking into account that we placed the potential for the topological current in the linear superfield L, we can consider the supersymmetry transformations of the potential and construct two new quantities
but from ∂ µ B µν = 0 we get
i.e., they are spinor conserved currents. The original N = 1 supercurrents verify [29] {Q α , S
but it can be shown [20] , that the new spinorial supercurrents (115) must verify
Therefore these new supercurrents are neither trivial nor the original N = 1 supercurrents of the model; this implies that they are new supercurrents corresponding to an extended N = 2 supersymmetric invariance of the theory.
Let us note that although the method presented here allows us to make a systematic construction of supersymmetric extensions of any theory, it leads to some problems hidden in the fermionic sector. Indeed, the terms proportional to Q −1 can generate pathologies in the fermion part of the full action. It is still interesting then to look for more natural SUSY completions of this model. In the next section we construct a SUSY extension of the BPS Skyrme model free of these problems.
B. SUSY formulation of the model: Case 2
Guided by the expression (103) for the Lagrangian we can assume that the supersymmetric version of the theory can be written in terms of a vector superfield (generating the kinetic term) and chiral superfield (generating the potential term). The superfield content of the theory will be
Such an N = 1 theory must be invariant under the following set of transformations:
where D µ = ∂ µ + iA µ . We need to find the supersymmetric invariant constraint corresponding to the constraint over the bosonic components of the chiral fields. This can be done by varying with supersymmetric transformations the original condition [27] , [28] . The following set of supersymmetric invariant constraints is obtained:
We observe that the components of the vector superfield are totally determined by the components of the hypermultiplet (Φ 1 , Φ 2 ); moreover, in the bosonic restriction of the theory, the form of the gauge field A µ coincides exactly with (100), which means that, in principle we can construct the supersymmetric form of the kinetic term in (103) in terms of only the superfield V . In order to construct out action besides the gauge field A µ we need also the field strength F µν . The natural supersymmetric objects which contain the field strength are the superfield strengths, W α andWα defined by
From the form of the bosonic Lagrangian (103) we deduce three possible terms generating combinations with at most six derivatives:
After integration, we get for the bosonic sector
while for α 3
Taking into account that
we disregard possible contributions of α 1 and α 2 . In order to construct the prepotential we will need the following contributions:
(in our caseF µν F µν = 0), and
Now we can combine all these contributions (they are N = 1 supersymmetric independently):
and after solving the equation of motion of the auxiliary field D, [note that this fix the equation
we arrive at
which corresponds to the N = 1 SUSY extension of the BPS Skyrme model (103) for
VI. SKYRME MODELS AND BI ACTION IN 5D
Non-Abelian BI action can provide a good description of the dynamics of N coincident D-branes, since its linearized version is nothing but SU (N ) Yang-Mills theory. This action can be written in d-spatial dimensions as follows:
with T d the brane tension and T a parameter measuring the nonlinearity of the theory (which is related to the string tension) . In the 1/T -expansion of (149), the first term is exactly the YangMills term; therefore, in the context of Sakai-Sugimoto construction [32] , this action contains the Skyrme model. Our goal in the next sections will be the study of the relation between the higher order term in such an expansion with other Skyrme models, especially the BPS sextic Skyrme. We will analyze also the supersymmetry version of the model. 
where F ≡ F ab , a, b = 1, 2, 3, 4, and the Hodge dualF is taken with respect to space indices. If we expand the square root and disregard terms of higher order we get
Let us define A 4 ≡ A z and x 4 = z. The gauge fields can be expanded in terms of Hermite functions (60), [9] , [32] , in a gauge where A I → 0 as |z| → ∞,
Now considering a gauge transformation A a → A a − ∂ a h, such that A z = 0 the gauge transformation can be written as [9] h(x, z) = u 1
We can write the field strength as follows:
where v n i = β n i − ∂ i h n . The model has an infinite tower of vector fields v n i (x) and a scalar field u. The emergence of Skyrme-like models from the BI action can be seen by keeping one of these vector fields v 0 i (x) and neglecting v n i (x) = 0, n ≥ 1. In such situation the field strength can be rewritten like
By substituting (156) and (157) in (151) and integrating over z we get the static Lagrangian
where f ij ≡ ∂ i a j − ∂ j a i and a i ≡ v 0 i . We can identify
We can also take the constant solution for the σ-model field u. In this situation the Lagrangian (158) takes the form
The Lagrangian (160) corresponds to the sum of the FZ model and the BPS Skyrme model without potential, and one extra four-derivative term. The full DBI model before the truncation has a low energy bound which can be written in terms of the topological density
or in terms of the expansion
and after the truncation
i.e., the energy bound depends of the scalar field u (for u = const. it is trivial). Therefore the restricted model does not preserve any topological information.
B. Skyrme model plus sextic Skyrme from the BI action of the SU (2) D4 brane
The SU (2) BI action for a D4 brane configuration in 5 dimensions can be written as before:
where here F ab in an SU (2)-valued field strength. In the non-Abelian case we can expand the determinant in the Lagrangian as follows [33] :
where F 2 = F ab F ab and F 3 = F ab F bc F a c (trace over theses expressions is understood) and the indices a, b, c, d take the values 0, 1, 2, 3, z. Note that in the non-Abelian case there is an ambiguity over the order of the factors in the determinant. This ambiguity can be solved by taking the symmetrized trace [35] . Nevertheless it is possible to include odd powers of F [33] , and this is the case at hand. We will see that the inclusion of odd powers of F generates the emergence of the BPS Skyrme model at order 1 T 3 . If we substitute this expression in (164) and expand in powers of F disregarding terms of higher order we get
The first term in the expansion corresponds to an SU (2) Yang-Mills term in 5-dimensional space. We will determine the contribution of the second term in the context of Sakai-Sugimoto construction [32] , [9] . As we did in Sec. III.B we rewrite the field strength in terms of the SU (2) field U and the contribution of the vector fields W n i (x) [expressions (63) and (64)]. From the Yang-Mills term after setting to zero the fields W n i (x) the Skyrme model is obtained. The point here is what is generated by the first higher order term. From the terms in the expansion we get (for the static case)
where R i = ∂ i U U −1 . The emergence of the Skyrme model from the F 2 term and the extra contribution to the quartic term from the F 3 term are clear, but we are interested also in the possible emergence of the sextic term of the BPS Skyrme model. This term can be written as
The above expression can be written as a single trace term up to a factor 2,
which corresponds to the second line of (168). If we substitute (167) and (168) into (166) and integrate in z we get for the energy functional The numerical values of the constants are shown in Table I If we insist in using the prescription of the symmetrized trace [35] , the term F 3 is absent from the Lagrangian in the expansion in 1/T . In this case the BPS Skyrme term appears at 1/T 4 order
The term (FF ) 2 will generate the BPS Skyrme term after expansion in modes and integration in z. But in this case another term [(F 2 ) 2 ], containing higher derivative terms, is generated [which corresponds to the second line of (158) in the Abelian formulation]. We will explain the nature of this extra term in the context of the supersymmetric BI action in the next section.
C. Skyrme and BPS Skyrme from SUSY BI action
The supersymmetric formulation of the model of the BI model in Euclidean coordinates x, z has the following form [40] , [36] :
The first term in (173) corresponds to the supersymmetric form of the SU (2) Yang-Mills theory.
If we consider now the expansion of B in powers of K
the action (173) can be written in components as follows
where a is the index in SU (2). We can explain now the presence of the term (F 2 ) 2 in the previous models. If use the trivial solution for D a , D a = 0, we obtain the following action
which corresponds to the supersymmetric version of the action (172), and therefore it contains the extra term (F 2 ) 2 . But, we can use the other branch of solutions for the auxiliary fields D a ,
which gives
i.e., the BPS Skyrme term plus a constant. Note that, after the substitution of the auxiliary field, the Yang-Mills term (which generates the Skyrme model term) is completely absent in the action.
This situation is quite similar to what happens for the N = 2 SUSY extension of the baby Skyrme model [22] . We can ask now about the possibility of including a potential term. The natural object to build the potential is the field U (x), which corresponds to the holonomy of A z in the z direction.
The problem is that U (x) does not depend on z; therefore, after integration over z in the full model the potential term will a give a vanishing contribution. In order to avoid this problem, we can
and use the Fourier basis in this dimension
for z ∈ [0, R] and R the radius of compactification. If V (U,Ū ) is the potential, its contribution to the energy after z-integration will now be RV (U,Ū ). The gauge field in the gauge where A z = 0 can be written as
and neglecting the contribution of the vector fields W n i (x) the field strength can be written as follows:
We introduce now in the SUSY version of the BI action (173) a prefactor h(U) in the Yang-Mills term. This term will play the role of potential as we will see below:
Note that we change the YM term to avoid the θ-term i(h(U ) − h(Ū ))FF . The superfield U is an SU (2) chiral superfield such that the holonomy U of the gauge field A z is contained in the lowest component, i.e. U| θ=0 = U . The Lagrangian (185) can be written in components as follows:
We substitute now the solutions for the auxiliary field D a . From D a = 0 we obtain (178) with the prefactor (h(U ) + h(Ū )) in the YM term (which corresponds to the Skyrme term), the sextic BPS term, and the square of the Skyrme term. Let us analyze now the other solution
The BI energy in this branch can be written like
If we substitute (183) and (184) in (188) we finally obtain
where γ(R) = 5 . This is the static energy functional of the BPS Skyrme model with potential V (U,Ū ) = h(U ) + h(Ū ) 2 . It is interesting to note that the potential is constructed completely in terms of the holonomy of the gauge field A z . This implies that, in some sense the full SUSY BPS Skyrme model can be constructed in superfield formulation in terms of a single vector superfield in 5 dimensions. The components in the z-direction of the field strength correspond to the gauge field A i , the spatial components to the curvature of this gauge field and the holonomy of A z plays the role of chiral SU (2) superfield. In our construction this holonomy can be used to build potentials. The low energy bound can be obtained directly from (189)
In the limit where the radius of compactification tends to zero the BPS furnishes the constant vacuum solutions T rV (U,Ū ) = 0 since lim R→0 γ(R) R = 0 and the low energy bound tends to zero. On the other hand, in the large radius limit, the energy bound (190) tends to infinity. The same results are obtained in the U (1) case for the FZ and BPS Skyrme model from SUSY BI action.
VII. SUMMARY
In this work we have studied different aspects of Skyrme-like models and supersymmetry. First, we have obtained a general procedure to build SUSY extensions of any bosonic model consisting of n complex fields in 3+1 dimensions. Based on this proposal, we have built several SUSY extensions of the Skyrme, FZ and BPS Skyrme models.
We have argued that these general extensions may contain certain pathologies in the fermionic sector, for example the breakdown of the Hamiltonian interpretation. Because of this reason we have built also well-behaved SUSY extensions of all these models. Despite the fact that we were able to construct several SUSY extensions to these models in four dimensions, it seems that, at least for the Skyrme and BPS Skyrme models, 5 dimensions is more natural. In the constructions of [32] and [9] , the emergence of the Skyrme model is closely related to the existence of the extra dimension z. Such a feature allows us to place the term U −1 ∂ i U in the z-direction of the field strength F zi and construct quadratic and quartic terms from a single Yang-Mills action. In this context, the Abelian formulation of the BPS Skyrme sextic term can be written in the static regime simply like (FF ) 2 (note that this term identically vanishes for A µ of the form (71) in 4 dimensions).
We have also obtained the Bogomolny bounds from supersymmetry. For the FZ model, the BPS bound was computed from the anticommutator of supercharges, while for the BPS Skyrme model it was obtained from the supersymmetric variation of the fermions.
Another interesting fact we have obtained in this work is that the SUSY form of a BI type action provides a nice connection between Skyrme and BPS Skyrme models, which appear placed in different branches of the on-shell theory (for different solutions of the auxiliary fields). This result is completely analogous to what happens in 2 + 1 dimensions between the CP 1 -model and the N = 2 BPS baby Skyrme model [22] .
Another interesting problem is the determination of the fermionic sectors of these theories, which due to their complexity remain undetermined. With the knowledge of these sectors we could determine the explicit form of the supercharges and calculate the resulting supersymmetric algebra.
This issue is under current investigation.
To summarize, we have made some important steps towards a better understanding of the supersymmetric classification of the Skyrme-like models in 3 + 1 dimensions. We have found explicitly SUSY extensions and BPS equations from supersymmetry, which for these theories are new results.
